We obtain a formula which reduces the evaluation of a 2 ψ 2 series to two 2 φ 1 series. In some sense, this identity may be considered as a companion of Slater's formulas. We also find that a two-term 2 ψ 2 summation formula due to Slater can be derived from a unilateral summation formula of Andrews by bilateral extension and parameter augmentation.
Introduction
It is well known that many bilateral basic hypergeometric identities can be derived from unilateral identities. Using Cauchy's method [5, 15, 20, 21] one may obtain bilateral basic hypergeometric identities from terminating unilateral identities. Starting with nonterminating unilateral basic hypergeometric series, Chen and Fu [8] developed a method to construct semi-finite forms by shifting the summation index by m. Then the bilateral summations are consequences of the semi-finite forms by letting m tend to infinity. We call this method bilateral extension. In this paper we use bilateral extensions of a 3 φ 2 series and an identity of Andrews [2] to study the bilateral series ; q, z .
(1.1)
The above 2 ψ 2 series is closely related to the question of finding a q-extension of Dougall's bilateral hypergeometric series summation formula [10] :
where Re(c + d − a − b − 1) > 0, (a) k = a(a + 1) · · · (a + k − 1), k = 1, 2, · · · , (a) 0 = 1 and (a) k = (−1) k /(1 − a) −k when k is a negative integer.
Bailey [6] first suggested that there did not exist any q-extension of (1.2). Since (1.2) is an extension of the Gauss 2 F 1 summation formula, one naturally expects that a q-analogue of (1.2) should be concerned with the following series: Even for the above series (1.3), Gasper [12] pointed out that one could not use analytic continuation to derive an infinite product representation.
On the other hand, many results on the bilateral 2 ψ 2 series (1.1) have been obtained. In [6] , Bailey found several transformation formulas for the 2 ψ 2 series (1.1). Later, Slater obtained a general transformation formula for an r ψ r series in [23] based on Sears' transformation on the r+s+1 φ r+s series in [22] subject to suitable substitutions and the following relation
to combine two unilateral series to form a bilateral series.
Gasper and Rahman [13] have shown that based on Slater's transformation formula, one could obtain two expansions of an r ψ r series in terms of r r φ r−1 series [13, Eq. (5.4.4), (5.4.5)]. When r = 2, they become
where the symbol "idem(a; b)" after an expression means that the preceding expression is repeated with a and b interchanged.
Setting d = q, (1.6) reduces to a three-term transformation formula [13, Appendix III.32] for the 2 φ 1 series:
However, it should be noted that when c or d equals q, (1.7) does not lead to any nontrivial identity.
The first result of this paper is to give a new formula for the 2 ψ 2 series (1.1) in terms of two 2 φ 1 series which is different from Slater's formulas (1.6) and (1.7). It reduces to a different three-term transformation formula (2.4) when c = q compared with the threeterm transformation formula (1.8) deduced by Slater's transformation. Moreover, this identity may be considered as a companion of Slater's formulas (1.6) and (1.7). Note that Slater's formulas do not seem to imply the special cases that can be deduced from our formula except for Ramanujan's 1 ψ 1 summation formula [13, Appendix II.29]. As a consequence, our formula yields a two-term closed product form for the 2 ψ 2 series:
For comparison, we recall the known formula for the well-poised 2 ψ 2 series [13, Appendix II.30]:
Let us turn our attention back to Dougall's formula. As pointed out by Askey [4] , Bailey seemed to have been partly right concerning his opinion towards the q-extension of Dougall's formula. According to Askey [4] , in certain sense the following q-extension of Cauchy's beta integral was similar to a q-extension of Dougall's formula:
In fact, this integral can be recast as a two-term summation formula for the 2 ψ 2 series (1.3):
As observed by Ismail and Rahman [14] , the above two-term summation formula is a special of a transformation formula due to Slater [23] . When r = 2, by substitutions and the q-Gauss sum (1.4), Slater's general transformation on the r ψ r series reduces to the following two-term summation formula:
(c/ef, qef /c, q, q/a, q/b, c/a, c/b; q) ∞ (e, f, q/e, q/f, c/ab; q) ∞ = q e (c/qf, q 2 f /c, e/a, e/b, qc/e, q 2 /e; q) ∞ (e, q/e, e/f, qf /e; q) ∞ × 2 ψ 2 e/c, e/q e/a, e/b ; q, q + idem(e; f ).
(1.13)
The second result of this paper is concerned with the above two-term summation formula (1.13) for 2 ψ 2 . Andrews [2] established a three-term transformation formula which is the key to proving many of Ramanujan's identities for partial θ-functions. In view of the symmetry in this formula, he obtained a generalization of Ramanujan's 1 ψ 1 summation:
Using the approach of parameter augmentation developed by Chen and Liu [9] , we find that the two-term summation formula (1.13) for 2 ψ 2 series is a consequence of the above identity (1.14) of Andrews by bilateral extension and parameter augmentation.
As is customary, we employ the notation and terminology of basic hypergeometric series in [13] . For |q| < 1, the q-shifted factorial is defined by
For convenience, we shall adopt the following notation for multiple q-shifted factorials:
where n is an integer or infinity. In particular, for a nonnegative integer k, we have
The (unilateral) basic hypergeometric series r φ s is defined by
while the bilateral basic hypergeometric series r ψ s is defined by
2 An Expansion Formula for the 2 ψ 2 Series
In this section, we derive a representation for the 2 ψ 2 series (1.1) in terms of two 2 φ 1 series. This formula can be considered as a companion of Slater's formulas (1.6) and (1.7). We also present some consequences including a two-term infinite product representation for the sum of a well-poised 2 ψ 2 series (1.9).
where |cd/ab| < |z| < 1 and |bq/d| < 1. where |bq/d|, |de/abc| < 1.
Shifting the index of summation on the left hand side of the above identity by m such that the new sum runs from −m to infinity, and then replacing a, b, d, e by aq −m , bq −m , dq −m , eq −m , respectively, we get
where |bq/d|, |de/abc| < 1.
Setting m → ∞ in (2.2) and assuming |c| < 1, Tannery's theorem [7] where |bq/d|, |c|, |de/abc| < 1.
By the substitutions c → de/abz and e → c in (2.3), we get the desired formula.
Note that Theorem 2.1 may be considered as a bilateral extension of the following three-term transformation formula [13, Appendix III.31]
where |bq/d|, |z| < 1. It is clear that (2.4) is a special case of (2.1) for c = q.
Since Slater's formula (1.7) and our formula (2.1) deal with the same series, we are naturally led to an identity on 2 φ 1 series. The right hand sides of (1.7) and (2. 
it is easily seen that (2.6) is equivalent to (2.4) by the substitution c → d.
Corollary 2.2 We have
where |cd/ab| < |z| < 1 and |bq/d| < 1.
Proof. By Heine's transformation (2.7), the second term on the right hand side of (2.1) equals e/b, e/c, de/abc de/bc, eq/bc ; q, q .
Shifting the summation index by m on the left hand side and replacing a, c, d, e by aq −m , cq −m , dq −m , eq −m , respectively, we are led to (2.8) by taking the limit m → ∞ and making suitable substitutions.
As a consequence of Corollary 2.2, we may deduce the following expansion of a 2 ψ 2 series in terms of a 2 φ 1 series [11, Eq. (3.13.1.7)]. Setting z = q/a in (2.8), the second summation on the right hand side vanishes. It follows from (2.7) that
which was originally derived from a double sum transformation formula of Slater, see [11, Section 3.13] .
Corollary 2.4 We have
2 ψ 2 b, c aq/b, aq/c ; q, − aq bc = (−b, aq/bc, −q/b, b/a, q; q) ∞ (aq 2 /c 2 ; q 2 ) ∞ (aq/c, −1, q/c, q/b, −aq/bc; q) ∞ (b 2 /a; q 2 ) ∞ + (aq/bc, b, −aq/b, −b/a, q; q) ∞ (aq 2 /c 2 ; q 2 ) ∞ (aq/b, aq/c, −1, −aq/bc, q/c; q) ∞ (b 2 /a; q 2 ) ∞ ,(2.
11)
where |aq/bc| < 1.
Proof.
Setting c = cq/a, d = cq/b, and z = −cq/ab in (2.8), we find that the summations on the right hand side of the identity are both equal to 
Thus the following relation holds
The proof is thus completed by interchanging a and c.
Combining (2.11) and (1.10), we are led to the following identity
(2.14)
To restate the above identity in a symmetric form, we replace a by b/a in (2.14).
Theorem 2.5
We have
More identities on sums of infinite products have been found by Bailey [5] and Slater [24] [25] [26] .
While no attempt will be made to derive a closed product formula for the series (1.3), we obtain a formula involving a product and a summation which has the advantage that it reduces to the q-Gauss summation (1.4) when c = q or d = q. Combining Corollary 2.2 and Cauchy's q-binomial theorem (2.13), we deduce where |bq/d|, |cd/abq| < 1.
3 A Two-term Summation Formula for 2 ψ 2
In this section, we show that a two-term summation formula for the 2 ψ 2 series (1.13) due to Slater can be derived from an identity of Andrews (1.14) by bilateral extension and parameter augmentation.
We recall that the q-difference operator, or Euler derivative, is defined as
The q-shift operator η in the literature [1, 19] is defined as follows:
which was introduced by Rogers in [16] [17] [18] .
In [19] , Roman combined q-differential operator and the q-shift operator to built an operator which was denoted by θ in [9] :
In [9] , Chen and Liu introduced the operator: 4) and proved the following basic relations:
The procedure to apply the operator E(bθ) in order to derive a new identity is called parameter augmentation.
The following theorem is equivalent to Slater's formula (1.13), as pointed out by Ismail and Rahman [14] . We proceed to demonstrate how to derive it from the identity (1.14) of Andrews by bilateral extension and parameter augmentation. where |cd/abq| < 1.
Proof. Shifting the index of summation by m and then replacing a, b, f by aq −m , bq m , f q −m in (1.14), respectively, we obtain From (3.5) and (3.6), it is evident that E(gθ) (bcq −k ; q) ∞ = (bcq −k , cgq −k ; q) ∞ , (3.12)
and
